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The random variable X has mean % and its moment generating function, M(z), is a(eZb’ + e‘b’), where
a and b are constants.

(i) Find the value of a. [1]
(i) Show that b = 3. [3]

The events A, B, C are such that A and B are independent, B and C are independent, and C and A are
independent. It is given that P(A) = P(B) = P(C) = % and PAUBUC) = %.

(i) Write down the formula for P(A U B U C) in terms of the probabilities of the events A, B, C,

ANB,BNC,CnNA,andANBNC. [1]
(ii) Hence find P(ANBN C). [3]
(iii) Show that the events C and A N B are not independent. [2]

Metal used in the bodies of aircraft contains titanium as a strengthening agent. The specification is that
the average titanium content should be 8.5%. A batch of the metal was received by the manufacturer
and 13 randomly selected samples were analysed. The percentages of titanium in the samples were
as follows.

840 8.63 8.17 872 842 8.61 865 870 838 8.59 853 8.68 875

(i) State a distributional assumption needed for a single-sample Wilcoxon test to be valid. [

(ii) Using this Wilcoxon test (which may be assumed to be valid), test at the 5% significance level
whether the specification is being met. [7]

The (positive) random variable S is such that $? is an unbiased estimator of a (non-zero) population
variance o2

(i) Express this statement in terms of an expectation. [1]
(ii) Express Var(S) in terms of E(S) and E(S?). [1]

(iiif) Hence show that S cannot be an unbiased estimator of ¢, determining whether, on average, S will
overestimate or underestimate the value of o. [5]
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A fair cubical die has one face numbered 1, two faces numbered 2 and three faces numbered 3. The
die is thrown three times. The largest and smallest values obtained are the random variables L and S
respectively. The joint probability distribution is given in the following table.

L
1 2 3
1 1 1
LT 1 3
1 5
S 2 0 Tl B
1
3 0 0 3
(i) Show how the value % in the table is obtained. 2]
(if) Find E(L) and E(S). [3]
(iii) Find E(LS). [2]
(iv) Find Cov(L, S). [2]

The independent random variables X and Y have Poisson distributions with means A and p respectively.
(i) Show that the probability generating function of X is e M-, [3]

(i) Hence show that the sum of a random observation of X and a random observation of Y has a
Poisson distribution. [2]

(iii) Give a reason why the difference of these random observations does not have a Poisson
distribution. [1]

The number of e-mails received by Ms Jones during a randomly chosen morning has a Poisson
distribution with mean 2.8. During a randomly chosen afternoon the number of e-mails she receives

has an independent Poisson distribution with mean 3.2.

(iv) Find the probability that Ms Jones receives a total of 5 e-mails during a randomly chosen day.

{31

(v) Given that Ms Jones received 5 e-mails during a randomly chosen day, find the probability that
she received more e-mails in the morning than she did in the afternoon. [4]

[Question 7 is printed overleaf.]
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Two populations, A and B, have medians m, and mg respectively. The Wilcoxon rank sum test based

on independent random samples is used to test for a possible difference between m, and m .

(i) State any assumption about the distributions of A and B needed for the validity of the test.  [1]

A manufacturer of potato crisps has developed a new crisp which is intended to be less noisy when
eaten than the current variety. A study was carried out using 16 volunteers who were divided randomly
into two equal groups. The members of one group were given a handful of the current variety (A) and
the members of the other group were given a handful of the new variety (B). They were told to chew
the crisps with their mouths closed. The loudness of their chewing was measured and the peak values,
in decibels to the nearest db, were as follows. The values are ordered for convenience.

CrispA 36 43 47 48 51 60 63 74
CrispB 22 26 34 42 50 58 59 6l

(ii) Use a Wilcoxon test, at the 5% significance level, to test whether the new crisps are less noisy
than the current crisps. [7]

(iii) Using a normal approximation to the test statistic W, find P(W < w), where w is the value
obtained in part (ii). 5]
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1 )| MO)=1;, a=05 B1 1
(i) | M'(0) = a(2be*™-be™) M1 aef
t=0,ab=0.125 M1
b=0.25 A1 3 | Only if a found
2 (i) | P(4UB U C)=P(4) +P(B) + P(C)— P(4 NB) B1 1
-PBNO)-PCNA+PANBNC)
(ii) | Substitute V4 for P(ANB) etc and other probs M1A1
Answer /16 A1 3
(iti) | Show EITHER P(4 NB | C)y£ P(4 NB)
OR: P(4 N BN C)#£PA4 N BPC)
OR: P(AP(BYP(C) # P(4 N BYP(C) M1A1ft | 2 | ft%/
3 (i) | Distribution of % titanium symmetric B1 1
(i) | Hp:m=8.5, Hi:m+#8.5 B1 Not mean or
average
Subtract 8.5 and rank M1 Or subtract from
8.5
-0.10 0.13 -0.33 0.22 -0.08 0.11 0.15 0.20 -0.12 0.09 0.03 0.18 0.25 Al
4 7 13 11 2 5 8 10 6 3 1 9 12
Q =25(P=66) B1
Use 25 B1ft ft P,Q
5% critical region: 7< 17 B1
Insufficient evidence that average is not .5% B1ft 7 | ft25
SR: 1-tail test: BOM1A1IBIBIB1BI critical value 21
4 () | E$H=¢ B1 1
(i) | Var(S) = E(S?) - [E(S)? B1 1 | OrE@H—?
(iii) | EITHER Var(§)>0; [E(S))* <o’ M1M1
=>E(S) <o A1
S is not an unbiased estimator of o A1
Underestimates o on average A1 5
OR: S unbiased estimator =>E(S) =¢ M1
=> Var(S) = 0 which is untrue
=> § is not an unbiased estimate of ¢ A1
Var($) > 0 => [E(S)* < & M1
=El) <o A1
=> § underestimates o A1 5 | B1/3 for
unsupported
statement
5 (i) | Consider 2,2,3 and 2,3,3 with permutations M1
3()(A)(%) + 3(a)(V2)V5) A1 2
(ii) | Correct method for finding E(L) or E(S) M1
E(L) = %5y E(S) = */yy A1A1 | 3

96




2644

Mark Scheme

June 2005

(i) | 17260420 12)+3C )+ 27)+6C112)+9('fs) M1 Allow one error
=%/ A1
(iv) | ®hg— ()" sq) M1 Not
E(LS)=E(L)E(S)
=" 1458 A1 art 0.0542
6 () | Te*i /! for x=0 to M1 Allow finite, or
no x=0
=Y (At)'/x! A1
=¢7eM = g1 AG
A1
(i) | e e M1
=¢* 1N => po(A+u) A1 Correct form
(iii) | EITHER: X — Y takes negative values
OR:E(X-Y)=A—u,Var(X-Y)= 1 + 4, B1
unequal
OR: E(X - Y) could be negative
(iv) | Use Po(6) to find P(X + Y =5) M1 A=6
EITHER ¢°6%/5! OR 0.4457 — 0.2851 M1 Attempt at 6
0.1606 A1 art 0.161
(v) | P(X=3,Y=2 or X=4,Y=1 or X=5,Y=0) M1 Al'loyv one pair
missing
e°[(2.8°/31)(3.2%/21)+(2.8%/41)3.2+2.8°/5!] A1
+e%67/5! M1
0.4377~0.438 A1 Cao
7 >)
A4 and B have identical (continuous) distns (apart B1
from location).
(ii) | Ho: my=mg, Hy:my>my B1 Allow medians
Rank samples M1
222634364243 4748505158 59606163 74 Al
1 2 34567 8 910111213141516
BB BAB AA AB A B B A BAA
Ryi=T79,Ry =57 B1
W=157 B1ft ft Ry Ry
5% critical region, W < 51 M1
Accept new variety not less noisy than old A1ft ftw
(iii) | W~ N(68,90%) B1B1 . Me:cm and
variance
£ [57.5 — 68]/N(90%) M1 With or without
cc
—-1.103 A1ft ft 4, o with cc
0.135 A1
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